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1 Introduction

Recent experimental data of the neutrino oscillation indicate the tri-bimaximal form [1] of

mixing angles in the lepton sector within a good accuracy [2, 3]. Thus, it is a promising step

to study how to realize the tri-bimaximal mixing matrix, in order to understand the origin

of the lepton flavor. Many authors have been attempting it by using various scenarios.

Non-Abelian discrete flavor symmetries are particularly well-known as one of quite

verifiable methods to realize the tri-bimaximal mixing matrix. Non-Abelian discrete fla-

vor symmetries can provide a natural guidance to constrain many free parameters in the

Yukawa sector. Actually, several types of models with various non-Abelian discrete flavor

symmetries have been proposed, such as S3 [4]–[19], D4 [20]–[24], D6 [25], Q4 [26], Q6 [27],

A4 [28]–[50], T ′ [51]–[56], S4 [57]–[65] and ∆(27) [66]–[70].

As another aspect, non-Abelian discrete flavor symmetries could also have an advan-

tage of supersymmmetry (SUSY) flavor changing neutral currents (FCNCs).1

In general, there are a large number of free parameters mainly related to soft SUSY

breaking terms even in the minimal supersymmetric standard model. However, once one

could apply non-Abelian discrete flavor symmetries, those SUSY breaking parameters could

be restricted and predictable in a way similar to the Yukawa sector. (See e.g. [24, 71–74].)

1While they might have a potential disadvantage of FCNC through extended Higgs fields, but one could

avoid such a problem as far as one could stay at the scenarios with SU(2)L singlet extended Higgs fields.

– 1 –



J
H
E
P
1
2
(
2
0
0
9
)
0
5
4

Thus, it would also be important to investigate non-Abelian discrete flavor symmetries

from the viewpoint of the SUSY FCNCs.

In addition to the above (rather) bottom-up motivation, we also have a top-down

motivation. Certain classes of non-Abelian flavor symmetries can be derived from super-

string theories. For example, D4 and ∆(54) flavor symmetries can be obtained in heterotic

orbifold models [72, 75, 76]. In addition to these flavor symmetries, the ∆(27) flavor sym-

metry can be derived from magnetized/intersecting D-brane models [77]. Thus, it is quite

important to study phenomenological aspects of these non-Abelian flavor symmetries.

Here, we focus on the ∆(54) discrete symmetry [78–80]. Although it includes several

interesting aspects, few authors have considered up to now. The first aspect is that it

consists of two types of Z3 subgroups and an S3 subgroup. The S3 group is known as the

minimal non-Abelian discrete symmetry, and the semi-direct product structure of ∆(54)

between Z3 and S3 induces triplet irreducible representations. That suggests that the

∆(54) symmetry could lead to interesting models.

The authors have already presented a ∆(54) flavor model [80], in which the tri-

bimaximal mixing of lepton flavors is reproduced in the vanishing limit of the solar neutrino

mass-squared difference. Although the previous ∆(54) model is simple in the sense that

the three generations of all lepton sectors are assigned to be ∆(54) triplets and it does

not need additional symmetry such as Zn, neutrino mass parameters must be tuned to

reproduce experimental neutrino data by hand. In this paper, we present a new ∆(54)

flavor model, which is improved to exactly provide the tri-bimaximal matrix for arbitrary

neutrino masses. In the present model, the three generations of right-handed neutrinos are

divided into singlet and doublet representations of ∆(54) and the additional Z2 symmetry

is imposed for the lepton sector.

This paper is organized as follows. In section 2, our new ∆(54) × Z2 lepton flavor

model is presented. In section 3 the possible deviation from the tri-bimaximal mixing

is discussed, and in section 4 numerical results are presented. In section 5, soft SUSY

breaking terms of sleptons are studied by taking account of FCNC constraints. Section 6 is

devoted to summary and discussion. In appendix A, the analytic derivation of the mixing

angles is given, and in appendix B, soft SUSY breaking terms in the previous ∆(54) flavor

model [80] are summarized.

2 ∆(54) flavor model for leptons

In this section, we present the lepton flavor model with the ∆(54) flavor symmetry. We

propose a new model within the framework of supersymmetric theory. Therefore, we can

discuss this flavor symmetry in the slepton sector by constraining parameters of this model

in the lepton sector.

The ∆(54) group is one of ∆(6n2) series that has been discussed by a few authors [78,

79]. The group ∆(54) has irreducible representations 11, 12, 21, 22, 23, 24, 3
(1)
1 , 3

(2)
1 , 3

(1)
2 ,

and 3
(2)
2 . There are four triplets and products of 3

(1)
1 ×3

(2)
1 and 3

(1)
2 ×3

(2)
2 lead to the trivial

singlet. The relevant multiplication rules are shown, e.g. in ref. [78, 79].
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(le, lµ, lτ ) (ec, µc, τ c) Ne (Nµ, Nτ ) hu(d) χ1 (χ2, χ3) (χ4, χ5) (χ6, χ7, χ8)

∆(54) 3
(1)
1 3

(2)
2 11 21 11 12 21 21 3

(2)
1

Z2 1 −1 1 1 1 −1 −1 1 1

Table 1. Assignments of ∆(54) × Z2 representations

Here, we present our model of the lepton flavor with the ∆(54) group. The triplet

representations of the ∆(54) group correspond to the three generations of left-handed

leptons and right-handed charged leptons while right-handed neutrinos are assigned to

a singlet and a doublet of ∆(54). The left-handed leptons (le, lµ, lτ ), the right-handed

charged leptons (ec, µc, τ c) are assigned to be 3
(1)
1 and 3

(2)
2 , respectively. For right-handed

neutrinos, N c
e is assigned to be 11 and (N c

µ, N c
τ ) are assigned to be 21. Charged leptons

cannot have mass terms unless new scalars χi are introduced in addition to the usual Higgs

doublets, hu and hd. These new scalars are supposed to be SU(2)L gauge singlets with

vanishing U(1)Y charge. Gauge singlets χ1, (χ2, χ3), (χ4, χ5) and (χ6, χ7, χ8) are assigned

to be 12, 21, 21, and 3
(2)
1 , respectively. We also introduce Z2 symmetry and the non-trivial

charge is assigned to (ec, µc, τ c), χ1 and (χ2, χ3). The particle assignments of ∆(54) and

Z2 are summarized in table 1. The usual Higgs doublets hu and hd are assigned to the

trivial singlet 11. Here, all fields denote superfields, and in section 5 the superfield and its

lowest scalar component are denoted by the same letter as a convention.

In this particle assignment, we consider the superpotential of leptons at the leading

order in terms of the cut-off scale Λ, which is taken to be the Planck scale. For charged

leptons, the superpotential of the Yukawa sector respecting ∆(54) and Z2 symmetries is

given by

W (l) = yl
1(e

cle + µclµ + τ clτ )χ1hd

+yl
2

[

(−ωecle − ω2µclµ − τ clτ )χ2 + (ecle + ω2µclµ + ωτ clτ )χ3

]

hd/Λ, (2.1)

where ω = e2πi/3. For the right-handed Majorana neutrinos, we can write the superpoten-

tial as follows:

W (N) = M1N
c
eN c

e + M2(N
c
µN c

τ + N c
τN c

µ)

+yN (N c
µN c

µχ4 + N c
τ N c

τχ5). (2.2)

The superpotential for the Dirac neutrinos is given in leading order as

W (D) = yD
1 N c

e (leχ6 + lµχ7 + lτχ8)hu/Λ

+yD
2

[

N c
µ(ωleχ6 + ω2lµχ7 + lτχ8) + N c

τ (leχ6 + ω2lµχ7 + ωlτχ8))
]

hu/Λ. (2.3)

We assume that the scalar fields, hu,d and χi, develop their vacuum expectation values

(VEVs) as follows:

〈

hu(d)

〉

= vu(d), 〈χ1〉 = u1, 〈(χ2, χ3)〉 = (u2, u3), 〈(χ4, χ5)〉 = (u4, u5),

〈(χ6, χ7, χ8)〉 = (u6, u7, u8).
(2.4)
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Then, the charged lepton mass matrix is diagonal:

Ml = yl
1vd







α1 0 0

0 α1 0

0 0 α1






+ yl

2vd







ωα2 − α3 0 0

0 ω2α2 − ω2α3 0

0 0 α2 − ωα3






. (2.5)

The right-handed Majorana mass matrix is given as

MN =







M1 0 0

0 yNα4Λ M2

0 M2 yNα5Λ






, (2.6)

and the Dirac mass matrix of neutrinos is

MD = yD
1 vu







α6 α7 α8

0 0 0

0 0 0






+ yD

2 vu







0 0 0

ωα6 ω2α7 α8

α6 ω2α7 ωα8






, (2.7)

where we denote αi = ui/Λ (i = 1, . . . , 8). By using the seesaw mechanism Mν =

MT
DM−1

N MD, the neutrino mass matrix can be derived.

At first, we analyze the charged lepton sector. Masses are expressed by






me

mµ

mτ






= vd







1 ω −1

1 ω2 −ω2

1 1 −ω













yl
1α1

yl
2α2

yl
2α3






. (2.8)

In order to estimate magnitudes of α1, α2 and α3, we rewrite them as






yl
1α1

yl
2α2

yl
2α3






=

1

3vd







1 1 1

−ω − 1 ω 1

−1 −ω ω + 1













me

mµ

mτ






, (2.9)

which gives the relation of |yl
2α2| = |yl

2α3|. Inserting the experimental values of the charged

lepton masses with vd ≃ 55GeV (i.e. tan β = 3), we obtain numerical results






yl
1α1

yl
2α2

yl
2α3






=







1.14 × 10−2

1.05 × 10−2e0.016iπ

1.05 × 10−2e0.32iπ






. (2.10)

Thus, it is found that αi(i = 1, 2, 3) are of O(10−2) when Yukawa couplings are of O(1).

In our model, the lepton flavor mixing is originated from the structure of the neutrino

mass matrix. To realize the tri-bimaximal mixing, we take

α5 = ωα4 , α6 = α7 = α8. (2.11)

Now we have

Mν =







1 1 1

1 ω ω2

1 ω2 ω













yD
1 0 0

0 yD
2 ω 0

0 0 yD
2















1
M1

0 0

0 yN ωα4Λ
(yN α4Λ)2ω−M2

2

−M2

(yN α4Λ)2ω−M2
2

0 −M2

(yN α4Λ)2ω−M2
2

yN α4Λ
(yN α4Λ)2ω−M2

2









×







yD
1 0 0

0 yD
2 ω 0

0 0 yD
2













1 1 1

1 ω ω2

1 ω2 ω






α2

6v
2
u.

(2.12)
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It can be rewritten as

Mν = 3c







1 0 0

0 1 0

0 0 1






+ (a − b − c)







1 1 1

1 1 1

1 1 1






+ 3b







1 0 0

0 0 1

0 1 0






, (2.13)

where

a =
(yD

1 )2

M1
α2

6v
2
u, b =

yN (yD
2 )2α4Λ

(yNα4Λ)2ω − M2
2

α2
6v

2
u, c =

−(yD
2 )2ωM2

(yNα4Λ)2ω − M2
2

α2
6v

2
u. (2.14)

As well known, the neutrino mass matrix with the tri-bimaximal mixing is expressed in

terms of neutrino mass eigenvalues m1, m2 and m3 by

Mν =
m1 + m3

2







1 0 0

0 1 0

0 0 1






+

m2 − m1

3







1 1 1

1 1 1

1 1 1






+

m1 − m3

2







1 0 0

0 0 1

0 1 0






. (2.15)

Therefore, our neutrino mass matrix Mν gives the tri-bimaximal mixing matrix Utri and

mass eigenvalues as follows:

Utri =







2√
6

1√
3

0

− 1√
6

1√
3
− 1√

2

− 1√
6

1√
3

1√
2






, m1 = 3(b + c), m2 = 3a, m3 = 3(c − b) . (2.16)

To compare with experimental values, we reparameterize a = |a|, b = |b|eiφ, c = |c|eiθ,

then neutrino masses become

|m1| =3
√

|b|2 + |c|2 + 2|b||c| cos(φ − θ),

|m2| =3|a|,
|m3| =3

√

|b|2 + |c|2 − 2|b||c| cos(φ − θ).

(2.17)

Mass-squared differences are given as

|m3|2 − |m1|2 = −36|b||c| cos(φ − θ),

|m2|2 − |m1|2 = 9(|a|2 − |b|2 − |c|2 − 2|b||c| cos(φ − θ)).
(2.18)

Considering normal-hierarchical neutrino masses, we take |b| ≃ |c|, φ − θ ≃ π, then,

we get

m1 ≃ 0, m2 ≃ 3|a|, m3 ≃ −6|b|eiφ. (2.19)

Parameters a and b are estimated as |a| ≃
√

∆m2
sol/3, |b| ≃

√

∆m2
atm/6. which give the

following relations by using of eq. (2.14):

(yD
1 )2

M1
v2
uα2

6 ≃

√

∆m2
sol

3
,

yN (yD
2 )2α4Λ

(yNα4Λ)2ω − M2
2

v2
uα2

6 ≃ (yD
2 )2ωM2

(yNα4Λ)2ω − M2
2

v2
uα2

6 ≃
√

∆m2
atm

6
eiφ.

(2.20)
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Assuming α4 and α6 to be real, the Majorana phase of m3 can be evaluated as

eiφ ≃ yN (yD
2 )2

|yN ||yD
2 |2

√

|yN |4α4
4Λ

4 + |M2|4 − (ω(yN )2M∗
2

2 + ω2(yN ∗)2M2
2)α2

4Λ
2

ω(yN )2α2
4Λ

2 − M2
2

. (2.21)

Because the second equation of (2.20) implies yNα4Λ ≃ ωM2, we set

yNα4Λ = (1 + ǫ)ωM2 , (2.22)

where ǫ is tiny. By using the last equation in eq. (2.20), the atmospheric neutrino mass

scale becomes

√

∆m2
atm ≃ 3|yN ||yD

2 |2α4Λv2
uα2

6

ǫ|M2|2
. (2.23)

Now we can obtain magnitudes of α4, α6, and M1 from experimental values, Yukawa cou-

plings, cut-off scale Λ, Higgs VEVs, right-handed Majorana scale M2, and small parameter

ǫ. Concretely, let us take vu = 165GeV, Λ = 2.4 × 1018GeV, ∆matm = 2.4 × 10−21GeV2,

∆msol = 8 × 10−23GeV2. Further, putting |yD
1 | = |yD

2 | = |yN | = 1, ǫ = 10−2, and

M2 = 1013GeV, we obtain typical values:

α4 =

∣

∣

∣

∣

(1 + ǫ)ωM2

yNΛ

∣

∣

∣

∣

∼ 4 × 10−6,

α6 ∼
√

ǫ|M2|2
√

∆m2
atm

3|yN ||yD
2 |2α4Λv2

u

∼ 8 × 10−3,

M1 ∼ 3|yD
1 |2v2

uα2
6

√

∆m2
sol

∼ 5 × 1011GeV.

(2.24)

In this way, we can estimate the magnitudes of α4 and α6, which are important parameters

to calculate FCNC. Even if we consider the case of the inverted mass hierarchy, we easily

find the almost same result of α4 and α6 as in eq. (2.24). In the section 4, we estimate

them numerically by taking into account experimental data.

3 Deviation from tri-bimaximal mixing

The tri-bimaximal mixing can be exactly obtained under the condition of vacuum align-

ment in eq. (2.11). The mixing matrix is deviated from the tri-bimaximal matrix if the

alignment of eq. (2.11) is shifted.

First, we discuss the effect of the deviation from α5 = ωα4. To estimate this effect, we

introduce a parameter δ with α5 = ω(1 + δ)α4. The neutrino mass matrix is written as

Mν =







1 1 1

1 ω ω2

1 ω2 ω













a 0 0

0 (1 + δ)b c

0 c b













1 1 1

1 ω ω2

1 ω2 ω






, (3.1)
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which is rewritten as

Mν = 3c







1 0 0

0 1 0

0 0 1






+ (a − b − c)







1 1 1

1 1 1

1 1 1






+ 3b







1 0 0

0 0 1

0 1 0






+ bδ







1 ω ω2

ω ω2 1

ω2 1 ω






, (3.2)

where the last matrix in the right hand side causes the deviation from the tri-bimaximal

mixing. It can be diagonalized by the following mixing matrix

U =









√
2e−ip1√

3
cos θ 1√

3
−

√
2e−ip1√

3
sin θ

− e−ip1 cos θ+
√

3e−ip2 sin θ√
6

1√
3

e−ip1 sin θ−
√

3e−ip2 cos θ√
6

− e−ip1 cos θ−
√

3e−ip2 sin θ√
6

1√
3

e−ip1 sin θ+
√

3e−ip2 cos θ√
6









, (3.3)

where the phase difference p1 − p2 and additional mixing angle θ can be expressed by m1,

m3, b, and δ as shown in appendix A. Then the lepton mixing matrix element Ue3 can be

estimated from these parameters. On the other hand, the element Ue2 does not shift from

1/
√

3. Numerical results are discussed in the next section.

We also consider the deviation from the alignment α6 = α7 = α8. New small param-

eters δ1 and δ2 are added to be α7 = (1 + δ1)α6 and α8 = (1 + δ2)α6. Then, we obtain

Mν =







1 0 0

0 1 + δ1 0

0 0 1 + δ2






Utri







m1 0 0

0 m2 0

0 0 m3






U †

tri







1 0 0

0 1 + δ1 0

0 0 1 + δ2






. (3.4)

It can be diagonalized by

U ≃ Utri







cos θ12 sin θ12 0

− sin θ12 cos θ12 0

0 0 1













cos θ13 0 sin θ13

0 1 0

− sin θ13 0 cos θ13













1 0 0

0 cos θ23 sin θ23

0 − sin θ23 cos θ23






, (3.5)

where

θ12 ≃ − m1 + m2

3
√

2(m2 − m1)
(δ1 + δ2), θ13 ≃ m1 + m3

2
√

3(m3 − m1)
(δ1 − δ2),

θ23 ≃ − m2 + m3√
6(m3 − m2)

(δ1 − δ2).
(3.6)

Supposing the normal hierarchy of neutrino masses m3 ≫ m2,m1, we find

Ue3 ≃
√

2m2

3m3
(δ2 − δ1),

Uµ2 ≃ − 1√
2

+

√
2

4
(δ2 − δ1).

(3.7)

Since Ue3 is strongly suppressed by order δi and the ratio m2/m3, we consider no more the

deviation of α6 = α7 = α8 in our numerically work.
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4 Numerical results

In this section, we discuss the magnitude of the deviation from the tri-bimaximal matrix

numerically. By restricting neutrino masses and mixing angles within experimental errors,

magnitudes of α4 and α6 can be obtained as discussed in the section 3. We consider the

case of the normal hierarchy of neutrino masses2 as discussed in section 2.

Input data of masses and mixing angles are taken in the region of 3σ of the experi-

mental data [2, 3]:

∆m2
atm = (2.07 ∼ 2.75) × 10−3eV2 , ∆m2

sol = (7.05 ∼ 8.34) × 10−5eV2 ,

sin2 θatm = 0.36 ∼ 0.67 , sin2 θsol = 0.25 ∼ 0.37 , sin2 θreactor ≤ 0.056 .

(4.1)

Yukawa couplings yD
1 and yD

2 are complex. Those absolute values and phases are cho-

sen from −1 to 1 and 0 to 2π at random, respectively. On the other hand, yN is given

in eq. (2.22). We search the experimentally allowed region by diagonalizing the neutrino

mass matrix with varying the parameters α4, α6, M2, and ǫ in eq. (2.22), which are taken

to be real.

As discussed in section 3, we take α5 = ωα4(1 + δ), where δ is a complex parameter,

while we take α6 = α7 = α8. By varying δ, the mixing matrix is deviated from the

tri-bimaximal matrix. The neutrino mass matrix is given by

Mν =







1 1 1

1 ω ω2

1 ω2 ω













a 0 0

0 b(1 + δ) c

0 c b













1 1 1

1 ω ω2

1 ω2 ω






. (4.2)

We present the numerical result in figure 1. In figure 1(a), we show the allowed region

on the plane of sin2 θ23 − sin2 θ12. The mixing parameter sin θ12 is hardly deviated from

the tri-maximal mixing 1/
√

3 as expected from eq. (3.3). On the other hand, sin θ23 is

deviated from the bi-maximal mixing considerably. We show allowed values of sin2 θ13

versus sin2 θ23 in figure 1(b). The predicted upper bound of sin2 θ13 is 5 × 10−3. As seen

in figure 1(c), sin θ13 is proportional to the magnitude |δ|, which is bounded by 0.3 due to

the experimental data of the neutrino mass-squared differences. In figure 1(d), we show

the allowed region on the α4 − α6 plane. Since α6 larger than 10−2 is dangerous for the

FCNC constraints as discussed in the next section, we have searched the parameter space

in α6 ≤ 10−2. Then we find α4 = 10−6 ∼ 10−4. In these numerical calculations, we take

109GeV < M2 < 1016GeV and ǫ = 10−3 ∼ 10−1.

5 SUSY breaking terms

In this section, we study SUSY breaking terms, i.e., sfermion masses and scalar trilinear

couplings, which are predicted in our ∆(54) × Z2 model. We consider the gravity media-

tion within the framework of supergravity theory. We assume that non-vanishing F-terms

2We have not presented the case of the inverted hierarchy of neutrino masses since numerical results are

almost same as ones in the case of the normal hierarchy.
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Figure 1. Predicted plots on the plane of (a) sin2 θ23−sin2 θ12, (b) sin2 θ23−sin2 θ13, (c)|δ|−sin θ13

and (d) α4 − α6 in the region of α6 ≤ 10−2.

of gauge and flavor singlet (moduli) fields Z and gauge singlet fields χi (i = 1, . . . , 8)

contribute to SUSY breaking. Their F-components are written as

FΦk = −e
K

2M2
p KΦkĪ

(

∂ĪW̄ +
KĪ

M2
p

W̄

)

, (5.1)

where K denotes the Kähler potential, KĪJ denotes second derivatives by fields, i.e.

KĪJ = ∂Ī∂JK and K ĪJ is its inverse. Here the fields Φk correspond to the moduli

fields Z and gauge singlet fields χi (i = 1, . . . , 8). The VEVs of FΦk
/Φk are estimated

as 〈FΦk
/Φk〉 = O(m3/2), where m3/2 denotes the gravitino mass, which is obtained as

m3/2 = 〈eK/2M2
p W/M2

p 〉.

5.1 Slepton mass matrices

First, let us study soft scalar masses. Within the framework of supergravity theory, soft

scalar mass squared is obtained as [83]

m2
ĪJKĪJ = m2

3/2KĪJ + |FΦk |2∂Φk
∂Φ̄k

KĪJ − |FΦk |2∂Φ̄k
KĪL∂Φk

KM̄JKLM̄ . (5.2)

The invariance under the ∆(54) × Z2 flavor symmetry as well as the gauge invariance

requires the following form of the Kähler potential of lI and eI (I = e, µ, τ)

K = Z(L)(Z)
∑

I=e,µ,τ

|lI |2 + Z(R)(Z)
∑

I=e,µ,τ

|eI |2, (5.3)
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at the lowest level, where Z(L)(Z) and Z(R)(Z) are arbitrary functions of the singlet fields Z.

By use of the formula (5.2) with the Kähler potential (5.3), we obtain the following matrix

form of soft scalar masses squared for left-handed and right-handed charged sleptons,

(m2
L̃
)IJ =







m2
L 0 0

0 m2
L 0

0 0 m2
L






, (m2

R̃
)IJ =







m2
R 0 0

0 m2
R 0

0 0 m2
R






. (5.4)

That is, both matrices are proportional to the (3× 3) identity matrix. This form would be

obvious because (le, lµ, lτ ) and (ec, µc, τ c) are ∆(54) triplets. At any rate, it is the prediction

of our model that three families of left-handed and right-handed masses are degenerate.

The above prediction holds exactly before ∆(54)×Z2 is broken, but its breaking would

change the form. Next, we study effects due to ∆(54)×Z2 breaking by χi. That is, we esti-

mate corrections to the Kähler potential including χi. The VEVs of χ4,5 are much smaller

than the others. Thus, we concentrate on corrections including χi with i = 1, 2, 3, 6, 7, 8.

In our model, the left-handed charged leptons (le, lµ, lτ ) are assigned to be 3
(1)
1 and its

conjugate representation is 3
(2)
1 . Their multiplication rule is written as

3
(1)
1 × 3

(2)
1 = 11 + 21 + 22 + 23 + 24, (5.5)

and that is written more explicitly in terms of elements as

(x1, x2, x3)3(1)
1

× (y1, y2, y3)3(2)
1

= (x1y1 + x2y2 + x3y3)11

+(x1y1 + ω2x2y2 + ωx3y3, ωx1y1 + ω2x2y2 + x3y3)21

+(x1y2 + ω2x2y3 + ωx3y1, ωx1y3 + ω2x2y1 + x3y2)22

+(x1y3 + ω2x2y1 + ωx3y2, ωx1y2 + ω2x2y3 + x3y1)23

+(x1y3 + x2y1 + x3y2, x1y2 + x2y3 + x3y1)24 . (5.6)

By use of this multiplication rule, we can find that linear terms of χi for i = 1, 2, 3, 6, 7, 8

do not appear in corrections of the Kähler potential (5.3). Although linear terms of χ4,5

can appear in diagonal elements of Kähler metric, those corrections are not important as

said above. Thus, let us estimate corrections including χiχk as well as χiχ
∗
k for i, k =

1, 2, 3, 6, 7, 8. The ∆(54) × Z2 flavor symmetric invariance allows only the terms such as

χiχ
∗
k for i, k = 6, 7, 8 to appear in off-diagonal entries of the Kähler metric of (le, lµ, lτ ).

For example, the (1,2) entry of the Kähler metric would have correction terms like e.g.

∆K =
K ′(Z)

Λ2
χiχ

∗
kl1l

∗
2 + · · · , (5.7)

where K ′(Z) is an arbitrary function of Z. On the other hand, the terms such as χiχ
∗
k for

i, k = 1, 2, 3 can appear in the diagonal entries, but such corrections only change the overall

factor of the form Kähler potential (5.3). When we take into account the corrections from

χiχ
∗
k for i, k = 6, 7, 8 to the Kähler potential, the soft scalar masses squared for left-handed

charged sleptons have the following corrections,

(m2
L̃
)IJ = m2

L







1 + O(α2
6) O(α2

6) O(α2
6)

O(α2
6) 1 + O(α2

6) O(α2
6)

O(α2
6) O(α2

6) 1 + O(α2
6)






. (5.8)
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Similarly, when we include the same level of corrections, the soft scalar masses squared for

right-handed sleptons are obtained as

(m2
R̃
)IJ = m2

R







1 + O(α2
6) O(α2

6) O(α2
6)

O(α2
6) 1 + O(α2

6) O(α2
6)

O(α2
6) O(α2

6) 1 + O(α2
6)






. (5.9)

These deviations may not be important for direct measurement of slepton masses. However,

the off-diagonal entries in the SCKM basis3 are constrained by the FCNC experiments [84].

Our model predicts

(∆LL)12 =
(m2

L)
(SCKM)
12

(m2
L)11

= O(α2
6), (∆RR)12 =

(m2
R)

(SCKM)
12

(m2
R)11

= O(α2
6). (5.10)

Recall that the diagonalizing matrices of left-handed and right-handed fermions are almost

the identity matrix. The µ → eγ experiments constrain these values as (∆LL,RR)12 ≤
O(10−3) [84], when mL,R = 100 GeV. On the other hand, the parameter space in the

previous section corresponds to α6 ≤ 10−2 and leads to (∆LL,RR)12 ≤ O(10−4). Thus, our

parameter region would be favorable also from the viewpoint of the FCNC constraints.

5.2 A-terms

Here, let us study scalar trilinear couplings, i.e. the so-called A-terms. The A-terms among

left-handed and right-handed sleptons and Higgs scalar fields are obtained in the gravity

mediation as [83]

hIJ lJeIHd = h
(Y )
IJ lJeIHd + h

(K)
IJ lJeIHd, (5.11)

where

h
(Y )
IJ = FΦk〈∂Φk

ỹIJ〉,
h

(K)
IJ lJeIHd = −〈ỹLJ〉lJeIHdF

ΦkKLL̄∂Φk
KL̄I (5.12)

−〈ỹIM 〉lJeIHdF
ΦkKMM̄∂Φk

KM̄J

−〈ỹIJ〉lJeIHdF
ΦkKHd∂Φk

KHd
,

where KHd
denotes the Kähler metric of Hd. In addition, ỹIJ denotes effective Yukawa

couplings and in our model it corresponds to

ỹIJ = yl
1







α1 0 0

0 α1 0

0 0 α1






+ yl

2







ωα2 − α3 0 0

0 ω2α2 − ω2α3 0

0 0 α2 − ωα3






. (5.13)

Then, we obtain

h
(Y )
IJ = yl

1







F̃α1 0 0

0 F̃α1 0

0 0 F̃α1






+ yl

2







ωF̃α2 − F̃α3 0 0

0 ω2F̃α2 − ω2F̃α3 0

0 0 F̃α2 − ωF̃α3






, (5.14)

3The SCKM basis is the basis, where fermion mass matrix is diagonal.
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where F̃αi = Fαi/αi. Because of F̃αi = O(m3/2), all the diagonal entries of h
(Y )
IJ may be

of O(yl
1m3/2). That would cause a problem. If |hIJ/ỹIJ | is large compared with slepton

masses, there would be a minimum, where charge is broken [85].4

To avoid this, we require that Fα1/α1 = Fα2/α2 = Fα3/α3. Such a relation can be

realized if the Kähler metric of χi for i = 1, 2, 3 is the same and the non-perturbative

superpotential leading to SUSY breaking does not include χ1,2,3. In this case, we obtain

Fαi/αi = m3/2 for i = 1, 2, 3. Then, we obtain

h
(Y )
IJ = ỹIJm3/2, (5.15)

that is, h
(Y )
11 = O(m3/2me/mτ ) and h

(Y )
22 = O(m3/2mµ/mτ ).

Next, we estimate h
(K)
IJ . When we neglect correction terms and use the lowest level of

Kähler potential (5.3), we obtain

h
(K)
IJ = ỹIJA0, (5.16)

where A0 = O(m3/2). Furthermore, we take into account corrections to the Kähler poten-

tial including χi, and we obtain

h
(K)
IJ vd =







meA0 + O(meα
2
6m3/2) O(mµα2

6m3/2) O(mτα
2
6m3/2)

O(mµα2
6m3/2) mµA0 + O(mµα2

6m3/2) O(mτα2
6m3/2

O(mτα2
6m3/2 O(mτα

2
6m3/2 mτA0 + O(mτα

2
6m

2
3/2)






. (5.17)

This structure does not change except replacing A0 by A0 + m3/2 when we include

h
(Y )
IJ (5.15). Then, our model predicts h12vd/m

2
3/2 = O(α2

6mµ/m3/2). This ratio is con-

strained less than O(10−6) by the µ → eγ experiments when the slepton mass is equal to

100 GeV. That is, the parameter region with α2
6 ≤ O(10−3) is favorable. Thus, our param-

eter region α6 ≤ 10−2 in the previous section is favorable again from the FCNC constraints

on the A-terms.

6 Summary and discussion

We have presented the flavor model for the lepton mass matrices by using the discrete

symmetry ∆(54), which could be originated from heterotic string orbifold models or mag-

netized/intersecting D-brane models. The left-handed leptons, the right-handed charged

leptons and the right-handed neutrinos are assigned to be 3
(1)
1 , 3

(2)
2 and 11+21, respectively.

We introduce gauge singlets χ1, (χ2, χ3), (χ4, χ5), and (χ6, χ7, χ8), which are assigned to

be 12, 21, 21, and 3
(2)
1 of the ∆(54) representations, respectively.

The discrete symmetry reduces fine tuning to get the tri-bimaximal mixing for

arbitrary neutrino masses. However, some fine tuning is implicitly introduced in vacuum

alignments of scalar fields if those are not guaranteed in our model. Therefore, we should

discuss the origin of vacuum alignments. One way is to analyze the scalar potential.

Unfortunately, the scalar potential is very complicated in our model since there are nine

4If a decay rate from the realistic minimum to such charge breaking minimum is sufficiently small

compared with the age of the universe, that might not be a problem.
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scalar fields which develop their VEVs. We can only say that our desired VEVs are just one

of solutions to realize the potential minimum. We can also discuss new methods [81, 82]

in the extra dimensional theory, which may naturally lead desired vacuum alignments.

Details will be studied elsewhere.

In our model, we predict the upper bound 0.07 for sin θ13. The magnitudes of sin θ23

could be deviated from the bi-maximal mixing considerably, but sin θ12 is hardly deviated

from 1/
√

3.

We have also studied SUSY breaking terms. It is the prediction of our flavor model

that three families of left-handed and right-handed slepton masses are almost degenerate.

Our model leads to smaller values of FCNCs than the present experimental bounds.
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A Derivation mixing angles from mass matrix

We show analytic expressions for the mixing matrix. By the unitary transformation, the

neutrino mass matrix Mν in eq. (3.2) becomes

M̃ν = U †
triMνUtri =







m1 + 3
2bδ 0 3ω2−3ω

2
√

3
bδ

0 m2 0
3ω2−3ω

2
√

3
bδ 0 m3 − 3

2bδ






, (A.1)

where

Utri =







2/
√

6 1/
√

3 0

−1/
√

6 1/
√

3 −1/
√

2

−1/
√

6 1/
√

3 1/
√

2






. (A.2)

Therefore, the deviation from the tri-bimaximal mixing can be expressed by diagonal-

izing 2 × 2 matrix. The matrix M̃ν can be diagonalized by






m1 + 3
2bδ 0 3ω2−3ω

2
√

3
bδ

0 m2 0
3ω2−3ω

2
√

3
bδ 0 m3 − 3

2bδ






= P−1V13







m′
1 0 0

0 m2 0

0 0 m′
3






V T

13P
−1, (A.3)

where

V13 =







cos θ 0 − sin θ

0 1 0

sin θ 0 cos θ






, P =







eip1 0 0

0 1 0

0 0 eip2






. (A.4)
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We introduce new phase parameters as follows:

ma = m1 +
3

2
bδ = |ma|eiµa , mb = m3 −

3

2
bδ = |mb|eiµb , b = |b|eiβ , δ = |δ|eiξ . (A.5)

Then, we find the phase difference p1 − p2 and an additional mixing angle θ as

tan(p1 − p2) =
−|ma| sin(µa − π/2 − β − ξ) + |mb| sin(µb − π/2 − β − ξ)

|ma| cos(µa − π/2 − β − ξ) + |mb| cos(µb − π/2 − β − ξ)
,

tan(2θ) =
−3|b||δ|

|ma| cos(µa−π/2−β−ξ+p1−p2)−|mb| cos(µb−π/2−β−ξ−p1+p2)
,

and neutrino masses as

m′
1 = c2|ma|ei(µa+2p1) + s2|mb|ei(µb+2p2) − 3cs|b||δ|ei(π/2+β+ξ+p1+p2),

m′
3 = s2|ma|ei(µa+2p1) + c2|mb|ei(µb+2p2) + 3cs|b||δ|ei(π/2+β+ξ+p1+p2).

(A.6)

Mixing matrix of this situation can be expressed by

U = UtriP
−1V13 =









√
2√
3
e−ip1 cos θ 1√

3
−

√
2e−ip1√

3
sin θ

− e−ip1 cos θ+
√

3e−ip2 sin θ√
6

1√
3

e−ip1 sin θ−
√

3e−ip2 cos θ√
6

− e−ip1 cos θ−
√

3e−ip2 sin θ√
6

1√
3

e−ip1 sin θ+
√

3e−ip2 cos θ√
6









. (A.7)

In the same way, we diagonalize another neutrino mass matrix Mν in eq. (3.4) as

M̃ν = U †
triMνUtri =









m1 + δ1+δ2
3 m1 − (δ1+δ2)(m1+m2)

3
√

2

(δ1−δ2)(m1+m3)

2
√

3

− (δ1+δ2)(m1+m2)

3
√

2
m2 + 2(δ1+δ2)

3 m2 − (δ1−δ2)(m2+m3)√
6

(δ1−δ2)(m1+m3)

2
√

3
− (δ1−δ2)(m2+m3)√

6
m3 + (δ1 + δ2)m3









. (A.8)

For simplicity, we assume that δ1 and δ2 are real and neglect δ2
1 and δ2

2 , then new mass

eigenvalues are approximately

m′
1 ≃ 3 + δ1 + δ2

3
m1, m′

2 ≃ 3 + 2(δ1 + δ2)

3
m2, m′

3 ≃ (1 + δ1 + δ2)m3. (A.9)

Similarly, mixing matrix to diagonalize M̃ν can be also expressed in terms of δ1 and δ2 as

U = Utri







cos θ12 sin θ12 0

− sin θ12 cos θ12 0

0 0 1













cos θ13 0 sin θ13

0 1 0

− sin θ13 0 cos θ13













1 0 0

0 cos θ23 sin θ23

0 − sin θ23 cos θ23






(A.10)

where

θ12 ≃ − m1 + m2

3
√

2(m2 − m1)
(δ1 + δ2), θ13 ≃ m1 + m3

2
√

3(m3 − m1)
(δ1 − δ2),

θ23 ≃ − m2 + m3√
6(m3 − m2)

(δ1 − δ2).
(A.11)
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(Le, Lµ, Lτ ) (ec
e, e

c
µ, ec

τ ) (N c
e , N c

µ, N c
τ ) hu(d) χ1 (χ2, χ3) (χ4, χ5, χ6)

∆(54) 3
(1)
1 3

(2)
2 3

(2)
1 11 12 21 3

(2)
1

Table 2. Assignments of ∆(54) representations

B Another ∆(54) flavor model

Here, for comparison, we study soft SUSY breaking terms derived from the ∆(54) flavor

model, which was discussed in ref. [80]. In this model, the flavor symmetry is ∆(54), but

there is no additional Z2 flavor symmetry. We introduce gauge singlets, χi for i = 1, . . . , 6,

and assignments of ∆(54) representations are shown in table 2.

We assume that χi develop their VEVs and parameterize them as αi = χi/Λ. To realize

lepton masses and mixing angles, values of parameters are required as α1,2,3 = O(10−2)

and α4,5 = O(10−4) −O(10−3). (See for details ref. [80].)

Now, let us study soft SUSY breaking scalar masses. Both the left-handed and right-

handed leptons are ∆(54) triplets in this model, too. At the lowest order, we obtain the

same Kähler potential for leptons as (5.3). Then, at this level, the prediction for slepton

masses is the same as (5.4). That is, three families of left-handed and right-handed slepton

masses are degenerate. Next, we consider the corrections including χi. Since α1,2,3 are

larger than α4,5, the corrections including the form α1,2,3 are important. We examine

which corrections including χ1,2,3 are allowed by the ∆(54) symmetry. Then, the resultant

slepton masses squared have the following corrections in the SCKM basis,

(m2
L̃
)ij = m2

L







1 + O(α1) O(α2
1) O(α2

1)

O(α2
1) 1 + O(α1) O(α2

1)

O(α2
1) O(α2

1) 1 + O(α1)






, (B.1)

for the left-handed sleptons, and

(m2
R̃
)ij = m2

R







1 + O(α1) O(α2
1) O(α2

1)

O(α2
1) 1 + O(α1) O(α2

1)

O(α2
1) O(α2

1) 1 + O(α1)






, (B.2)

for the right-handed sleptons. Thus, we obtain (∆LL)12 = (∆RR)12 = O(α2
1). To realize

the lepton masses, we need α = O(10−2). Such a parameter region is also favorable from

the FCNC constraint.

Similarly, we can estimate the A-terms. When we take into account important correc-

tions, the A-term matrix is estimated as

hIJvd =







meA0 + O(meα̃m3/2) O(mµα̃2m3/2) O(mτ α̃
2m3/2)

O(mµα̃2m3/2) mµA0 + O(mµα̃m3/2) O(mτ α̃
2m3/2

O(mτ α̃
2m3/2 O(mτ α̃

2m3/2 mτA0 + O(mτ α̃m3/2)






, (B.3)

where A0 = O(m3/2) and we have also assumed that Fα1/α1 = Fα2/α2 = Fα3/α3 as in

section 5. When m3/2 = 100 GeV, we obtain h12vd/m
2
3/2 = O(10−7) for α = O(10−2).

Thus, the parameter region for αi is favorable again from the FCNC constraint of A-terms.
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